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Hoffman’s bound for hypergraphs
V. Nikiforov∗
Abstract
One of the best-known results in spectral graph theory is the inequality of Hoffman
χ (G) ≥ 1−
λ (G)
λmin (G)
,
where χ (G) is the chromatic number of a graph G and λ (G) , λmin (G) are the largest
and the smallest eigenvalues of its adjacency matrix.
In this note Hoffman’s inequality is extended to weighted uniform r-graphs for every
even r.
Keywords: hypergraph eigenvalues; Hoffman’s bound; k-partite hypergraph; weighted hyper-
graph.
AMS classification: 15A42
1 Introduction and main results
Let G be a graph with chromatic number χ (G), and let λ (G) and λmin (G) be the largest
and the smallest adjacency eigenvalues of G. A famous result of Hoffman [3] asserts that
χ (G) ≥ 1−
λ (G)
λmin (G)
. (1)
Inequality (1) is tight, as equality holds for a vast class of graphs (see [2], Lemma 9.6.2), in
particular, for regular complete multipartite graphs.
The main goal of this paper is to extend inequality (1) to weighted r-uniform hypergraphs
for every even r ≥ 2.
Let r ≥ 2 and G be an r-uniform hypergraph (r-graph for short) with vertex set V (G) and
edge set E (G) . For simplicity, we let V (G) = [n], where [n] := {1, . . . , n}.
If a function w : E (G) → R is associated with G, then G is called a weighted r-graph and
is denoted by Gw. If for an r-graph G the function w is not given explicitly, it is assumed that
w (e) = 1 for each e ∈ E (G).
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Given a weighted r-graph Gw, write wi1,...,ir for w ({i1, . . . , ir}) for any {i1, . . . , ir} ∈
E (Gw). The polynomial form PGw of Gw is a function PGw : R
n → R defined for any vec-
tor real n-vector x := (x1, . . . , xn) as
PGw (x) := r! ∑
{i1,...,ir}∈E(G)
wi1,...,ir xi1 · · · xir
Note that if G is a 2-graph and w (e) = 1 for any e ∈ E (G) , then PG (x) is the quadratic
form of the adjacency matrix of G, and the Rayleigh-Ritz theorem (see [3], Theorem 4.2.4)
asserts that
λ (G) = max
x21+···+x
2
n=1
PG (x) and λmin (G) = min
x21+···+x
2
n=1
PG (x) .
In this vein, for any real p ≥ 1, let |x|p stand for the l
p norm of a vector x, and define1
λ(p) (Gw) := max
|x|p=1
PGw (x)
and
λ
(p)
min (Gw) := min
|x|p=1
PGw (x) .
Simple examples show that λ(p) (Gw) > 0 and λ
(p)
min (Gw) < 0, unless E (G) = ∅ or
w (e) = 0 for all e ∈ E (G); to avoid trivialities these two cases are excluded hereafter.
Observe also that the inequality
PGw (x) ≥ λmin (Gw) |x|
r
p (2)
holds for every x ∈ Rn.
An r-graph G is called k-partite if V (G) can be partitioned into k sets so that each edge
contains at most one vertex from each partition set. Likewise, G is called k-chromatic if V (G)
can be partitioned into k sets so that no partition set contains an edge.
Writing Krn for the complete r-graph of order n, inequality (2) is extended as follows:
Theorem 1 Let r ≥ 2 be an even integer, let k ≥ r be an integer and p ≥ r be a real number. If Gw
is a weighted k-partite r-graph, then
λ(p) (Gw)
λ
(p)
min (Gw)
≥
λ(p)
(
Krk
)
λ
(p)
min
(
Krk
) . (3)
If G is a complete regular k-partite r-graph, then equality holds in (3).
1The parameter λ(p) (G) was introduced by Keevash, Lenz and Mubayi in [5] and λ
(p)
min (G) was introduced
in [10]. In addition, λ(r) (G) is known as the spectral radius of G (see [1], [6], [11], [12]) and if r is even, then
λ
(r)
min (G) coincides with the smallest H-eigenvalue of G (see [11], [12]).
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Taking r = p = 2 and w (e) = 1 for every e ∈ E (G) , and noting that λ(2)
(
K2k
)
= k − 1
and λ
(2)
min
(
K2k
)
= −1, we obtain Hoffman’s inequality (1), so Theorem 1 indeed generalizes
that result. In fact, the introduction of edge weights extends a matrix version of (2) due to
Lovász [8].
The right side of (3) needs some clarification. On the one hand, it is known that
λ (Krk) = (k − 1) · · · (k− r + 1) k
r/p,
see, e.g., the proof of Theorem 1 below. However, the value of λ
(p)
min
(
Krk
)
is not known
precisely yet. In a forthcoming paper we shall determine the order of magnitude of λ
(p)
min (K
r
n).
One can ask if in Theorem 1 the premise k-partite can be replaced by k-chromatic. Alas,
such change is not straightforward, if possible at all. Indeed, in Section 2, we describe an
infinite family of 2-chromatic 4-graphs such that the ratio λ(p) (G) /
∣∣∣λ(p)min (G)∣∣∣ grows with
the order of the graph, and thus cannot be bounded by a function of the chromatic number
of G and p.
We proceed with the proof of Theorem 1, which is based on an idea of [9]; a similar idea
has been used also in [7].
Proof of Theorem 1 Suppose that Gw is of order n, and let V1, . . . ,Vk be a partition of V (Gw)
such that any edge of G contains at most one vertex from each V1, . . . ,Vk; for any v ∈ V (Gw),
write η (v) for the unique number such that v ∈ Vη(v).
Select x ∈ Rn, y ∈ Rk with |x|p = |y|p = 1 and such that PGw (x) = λ
(p) (Gw) , PKrk (y) =
λ
(p)
min
(
Krk
)
. Write P for the set of all permutations σ : [r] → [r], and for every σ ∈ P, define a
vector zσ = (z1, . . . , zn) by letting
zi := xiyσ(η(i)), i = 1, . . . , n.
In view of (2), we have
PG (zσ) ≥ λ
(p)
min (G) |zσ|
r
p = λ
(p)
min (G)

 ∑
i∈[n]
|xi|
p |yσ(η(i))|
p


r/p
.
Summing this inequality for all σ ∈ P, we get
∑
σ∈P
PG (zσ) ≥ λmin (G) ∑
σ∈P

 ∑
i∈[n]
|xi|
p |yσ(η(i))|
p


r/p
. (4)
Our main goals are to calculate ∑
σ∈P
PG (zσ) and to bound ∑
σ∈P
(
∑
i∈[n]
|xi|
p |yσ(η(i))|
p
)r/p
from
above.
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First, by definition,
∑
σ∈P
PG (zσ) = r! ∑
σ∈P
∑
{i1,...,ir}∈E(G)
wi1,...,ir xi1 · · · xir yσ(η(i1)) · · · yσ(η(ir))
= r! ∑
{i1,...,ir}∈E(G)
wi1,...,ir xi1 · · · xir ∑
σ∈P
yσ(η(i1)) · · · yσ(η(ir)).
Fix an edge {i1, . . . , ir} ∈ E and a permutation σ ∈ P; the numbers σ (η (i1)) , . . . , σ (η (ir))
are distinct and thus determine an edge of Krk, say {j1, . . . , jr} . There are exactly r! (k− r)!
permutations in P mapping {η (i1) , . . . , η (ir)} onto {j1, . . . , jr} , implying that
∑
σ∈P
yσ(η(i1)) · · · yσ(η(ir)) = r! (k − r)! ∑
{j1,...,jr}∈E(Krk)
yj1 · · · yjr = (k − r)!λ
(p)
min (K
r
k) .
Hence,
∑
σ∈P
PG (zσ) = (k − r)!λ
(p)
min (K
r
k) r! ∑
{i1,...,ir}∈E
xi1 · · · xir = (k − r)!λ
(p) (Gw) λ
(p)
min (K
r
k) . (5)
On the other hand, the Power Mean inequality implies that
∑
σ∈P

 ∑
i∈[n]
|xi|
p |yσ(η(i))|
p


r/p
≤ (k!)1−r/p

∑
σ∈P
∑
i∈[n]
|xi|
p |yσ(η(i))|
p


r/p
= (k!)1−r/p

 ∑
i∈[n]
|xi|
p
∑
σ∈P
|yσ(η(i))|
p


r/p
.
Fix an i ∈ [n], and note that for every j ∈ [k] there are (k − 1)! permutations σ ∈ P such that
j = σ (η (i)) . Hence,
∑
σ∈P
|yσ(η(i))|
p = (k − 1)! ∑
j∈[k]
|yj|
p = (k− 1)!,
and therefore,
∑
i∈[n]
|xi|
p
∑
σ∈P
|yσ(η(i))|
p = (k − 1)! ∑
i∈[n]
|xi|
p = (k − 1)!.
Thus, we get
∑
σ∈P

 ∑
i∈[n]
|xi|
p |yσ(η(i))|
p


r/p
≤ (k!)1−r/p ((k − 1)!)r/p = k1−r/p (k− 1)! (6)
Substituting ∑
σ∈P
PG (zσ) and ∑
σ∈P
(
∑
i∈[n]
|xi|
p |yσ(η(i))|
p
)r/p
from (5) and (6) into (4), we get
λ(p) (G) λ
(p)
min (K
r
k) ≥ k
1−r/p (k − 1) · · · (k− r + 1) λ
(p)
min (G) . (7)
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To finish the proof of (3), we show that
λ (Krk) = k
1−r/p (k − 1) · · · (k− r + 1) . (8)
Indeed, we can select a nonnegative u ∈ Rk with |u|p = 1 and PKrk (u) = λ
(
Krk
)
. Now,
Maclaurin’s inequality and the Power Mean inequality imply that
λ (Krk) = PKrk (u) ≤ r!
(
k
r
)(
u1 + · · ·+ uk
k
)r
≤ k (k − 1) · · · (k − r + 1)
(
u
p
1 + · · ·+ u
p
k
k
)r/p
= k1−r/p (k − 1) · · · (k− r + 1) ,
as claimed.
Clearly, inequality (3) follows from (7) and (8), because λ
(p)
min (G) < 0 and λ
(p)
min
(
Krk
)
< 0.
It remains to prove that equality holds in (3) for regular complete k-partite r-graphs. Let
G be such a graph and let V1, . . . ,Vk be a partition of V (G) such that any edge of G contains
at most one vertex from each V1, . . . ,Vk. The regularity of G implies that |V1| = · · · = |Vk| ,
and so t = |V (G)| /k is an integer. As above, for any v ∈ V (G), write η (v) for the unique
number such that v ∈ Vη(v).
Our proof is straightforward: we show that
λ
(p)
min (G) = t
r−r/pλ
(p)
min (K
r
k) (9)
and
λ(p) (G) = tr−r/pλ(p) (Krk) (10)
and these two equations imply that equality holds in (3).
Select y ∈ Rk with |y|p = 1 and PKrk (y) = λ
(p)
min
(
Krk
)
and define a vector x := (x1, . . . , xn)
by letting
xi = yη(i)t
−1/p, i = 1, . . . , n.
On the one hand, we see that
∑
i∈[n]
|xi|
p = ∑
i∈[k]
∑
j∈[Vi ]
∣∣xj∣∣p = ∑
i∈[k]
t
∣∣∣yit−1/p∣∣∣p = ∑
i∈[k]
|yi|
p = 1.
On the other hand,
PG (x) = r!t
r ∑
{j1,...,jr}∈E(Krk)
xj1 · · · xjr = r!t
r−r/p ∑
{j1,...,jr}∈E(Krk)
yj1 · · · yjr = t
r−r/pλ
(p)
min (K
r
k) .
Thus,
λ
(p)
min (G) = PG (x) ≤ t
r−r/pλ
(p)
min (K
r
k) . (11)
Now, select x ∈ Rn with |x|p = 1 and PG (x) = λ
(p)
min (G), and define a vector y :=
(y1, . . . , yk) by letting
yi = t
1/p−1 ∑
j∈[Vi]
xj, i = 1, . . . , n.
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The Power Mean inequality implies that
|y|pp = ∑
i∈[k]
|yi|
p ≤ ∑
i∈[k]

 ∑
j∈[Vi]
∣∣xj∣∣ t1/p−1


p
≤ t1−p ∑
j∈[Vi]
tp−1
∣∣xj∣∣p = 1.
On the other hand,
λ
(p)
min (G) = PG (x) = t
r−r/pPKrk (y) ≥ t
r−r/pλ
(p)
min (K
r
k) |y|
r
p ≥ t
r−r/pλ
(p)
min (K
r
k) .
In view of (11), equation (9) is proved.
The proof of (10) goes along the same lines and is therefore omitted. 
2 2-chromatic 4-graphs with unbounded λ (G) /λmin (G)
Let n be an even integer and define a 4-graph G as follows: G is of order 2n and its vertex
set is the union of two disjoint sets A and B, each of cardinality n. The edges of G consists
of all 4-sets intersecting A in exactly two vertices. Clearly, G is 2-chromatic.
Proposition 2 If p ≥ 2, then
λ(p) (G) = 4!
(
n
2
)2 1
(2n)4/p
(12)
and
λ
(p)
min (G) = Ω
(
n3−4p
)
. (13)
Proof For convenience, let A = [n] , B = [2n] \ [n] . Suppose that x = (x1, . . . , x2n) is a vector
with |x|p = 1. Set
S2 (A) := ∑
1≤i<j≤n
xixj, S2 (B) := ∑
n<i<j≤2n
xixj,
Clearly, PG (x) = 4!S2 (A) S2 (B).
Now, Maclaurin’s inequality implies that
S2 (A) ≤
(
n
2
)(
1
n ∑
i∈A
|xi|
)2
and S2 (B) ≤
(
n
2
)(
1
n ∑
i∈B
|xi|
)2
,
and further, the Power Mean inequality implies that
PG (x) ≤ 4!
(
n
2
)2( 1
n ∑
i∈A
|xi|
)2(
1
n ∑
i∈B
|xi|
)2
≤ 4!
(
n
2
)2( 1
n ∑
i∈A
|xi|
p
)2/p (
1
n ∑
i∈B
|xi|
p
)2/p
≤ 4!
(
n
2
)2 1
(2n)4/p
,
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yielding
λ(p) (G) ≤ 4!
(
n
2
)2 1
(2n)4/p
.
On the other hand, letting y := (y1, . . . , y2n) be with y1 = · · · = y2n = (2n)
−1/p , we see that
|y|p = 1 and
λ(p) (G) ≥ PG (y) = 4!
(
n
2
)2 1
(2n)4/p
.
This completes the proof of equation (12).
To prove (13), assume by symmetry that S2 (A) < 0 and S2 (B) > 0. We see that
2S2 (A) =
(
∑
i∈A
xi
)2
− ∑
i∈A
x2i > − ∑
i∈A∪B
x2i > −2n
(
1
2n ∑
i∈A∪B
|xi|
p
)2/p
= −
2n
(2n)2/p
,
and that
2S2 (B) =
(
∑
i∈B
xi
)2
− ∑
i∈B
x2i <
(
∑
i∈A∪B
|xi|
)2
< 4n2
(
1
2n ∑
i∈A∪B
|xi|
p
)2/p
=
4n2
(2n)2/p
Therefore,
PG (x) > −4!
n
(2n)2/p
·
2n2
(2n)2/p
= −
4!2n3
(2n)4/p
,
and so,
λ
(p)
min (G) > −
4!2n3
(2n)4/p
= O
(
n3−4/p
)
.
To prove that λ
(p)
min (G) = Ω
(
n3−4/p
)
, recall that n is even and define a vector y := (y1, . . . , y2n)
by letting
yi =
{
− (2n)−1/p if 1 ≤ i ≤ n/2;
(2n)−1/p if n/2 < i ≤ 2n.
Clearly |y|p = 1, and we find that
λ
(p)
min (G) ≤ PG (y) = −4! ·
1
2 ∑
i∈[n]
y2i ∑
n<i<j≤2n
yiyj = −
4!n
2 (2n)2/p
·
(
n
2
)
1
(2n)2/p
= Ω
(
n3−4/p
)
.
Hence, (13) holds as well, completing the proof of Proposition ??. 
We see that the graphs G satisfy
λ(p) (G)
|λ
(p)
min (G) |
= Ω (n) ,
so the ratio λ(p) (G) /|λ
(p)
min (G) | cannot be bounded from above by a function of the chro-
matic number of G, which is always 2.
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3 Concluding remarks and open problems
One can see that Theorem 1 trivially holds for odd r as well, since λ
(p)
min (G) = −λ
(p) (G) for
any r-graph G if r is odd. At the same time we could not find any conspicuous obstacle to
meaningful extensions of the theorem for odd r and for 1 ≤ p < r.
Thus, we finish with two open problems:
Problem 3 How can Theorem 1 be meaningfully extended for odd r?
Problem 4 Does Theorem 1 hold for 1 ≤ p < r and even r?
It should be emphasized that in the above problems only tight bounds on λ(p) (G) /λ
(p)
min (G)
would really matter, as it is not too difficult to prove loose bounds depending solely on the
partition number of G.
Finally, it would be interesting to determine for which graphs G equality holds in (3) in
the spirit of Lemma 9.6.2 of [2].
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